Introduction
A fundamental theorem in differential geometry due to de Rham investigates complete Riemannian manifolds X whose tangent bundles split into a direct sum of subbundles which all are invariant under the holonomy. Under these assumptions the universal cover of X splits as a product of Riemannian manifolds and this splitting is compatible with the splitting of the tangent bundle of X. The same holds in the complex case for Kähler manifolds.
In this paper we investigate the more general situation when X is a complex projective manifold whose tangent bundle splits: T X = E i . However we do not make any assumption on holonomy or on integrability of the subbundles E i .
Problem Does the universal coverX of X split, i.e. is there a decompositionX = k i=1 A i with complex manifolds A i ?
Note that we should not ask for a relation between the splitting ofX and the splitting of T X because the E i might not be integrable. If however the E i are integrable, then we can ask additionally whether the decomposition of TX is induced by the decomposition of T X . In that case we speak of a diagonal splitting (with respect to the splitting on T X ).
Of course this problem makes sense also for compact Kähler manifolds but our results will mainly concern the projective case. Surprisingly, this very fundamental problem has not yet been studied much.
Beauville [Be99] proved that the problem has a positive solution if X is Kähler-Einstein or if dim X = 2 (X Kähler). He also pointed out that in general, with X just being a compact manifold, the problem will have a negative answer. Hopf manifolds provide the easiest examples.
Next, Druel [Dr99] investigated projective manifolds whose tangent bundles decompose into a direct sum of line bundles L i . He gave a positive solution of the problem, even in the strong form, if either all subbundles formed by direct sums of the L i are integrable or if X is minimal, i.e. K X is nef (e.g. X has seminegative Ricci curvature).
The main results of this paper ar as follows.
Proposition Let X be a smooth projective threefold with a splitting T X = L ⊕ V where L is a line bundle. Let ϕ : X−→Y be a birational contraction in the sense of Mori theory, i.e. −K X is ϕ−ample. Then Y is smooth, ϕ is the blow-up along a smooth curve; L ′ = ϕ * (L) and V ′ = ϕ * (V ) * * are locally free with L = ϕ * (L ′ ) such that
Moreover if the universal coverỸ of Y splits (diagonally with respect to
, thenX splits (diagonally with respect to T X = L ⊕ V ).
The content of this proposition is that (by Mori theory) either we are reduced to uniruled threefolds admitting a Mori contraction to a curve or a surface or that K X is nef. In the first case we have Theorem Let X be a smooth projective threefold with κ(X) = −∞. Suppose T X = L ⊕ V. ThenX splits. The splitting is diagonal with respect to T X = L ⊕ V unless the following holds: X is the successive blow-up along smooth curves in a smooth projective threefold Y , the splitting T X = L ⊕ V induces canonically a splitting T Y = L ′ ⊕ V ′ and there is a P 1 −bundle structure ψ : Y −→Z such that
We also have general results on projective bundles in any dimension, see sect.2.
In case K X nef, the Beauville decomposition theorem takes care of the case c 1 (X) = 0.
Here we concentrate on the case dim X = 3 and κ(X) = 3, so that K X is big and nef. The intermediate case κ(X) = 1, 2 will be treated in the second part to this paper. If now K X is ample, then X admits a Kähler-Einstein metric, and Beauville's result in [Be99] settles the problem. So suppose that K X is not ample; we then go to the canonical model and analyse this singular variety to obtain
Theorem Let X be a smooth projective threefold with K X big and nef; let φ : X−→Y be the canonical model. In higher dimensions we study Fano manifolds. Since these are simply connected, we only need to study a decomposition T X = E 1 ⊕ E 2 into 2 factors. Moreover it is easy to see that b 2 (X) ≥ 2, so that Mori theory can be used again. We obtain:
Theorem Let X be a Fano n−fold. Assume that n ≤ 5 or that every contraction of an extremal ray contracts a standard rational curve (see Def. 1.1). If
There is an interesting problem on rational curves which is the obstacle to extend this theorem to higher dimensions. We say that a rational curve f :
with all a i ≤ 1 (but a i might be negative). It is well known that uniruled varieties always contain standard rational curves, even with all a i ≥ 0. Now the problem reads:
Problem Let X be a projective manifold, ϕ : X−→Y an extremal contraction, i.e. −K X is ϕ−ample. Is there a standard rational curve contracted by ϕ? If dim Y < dim X, then the answer is yes by the last remark. The answer is also positive if ϕ is the blow-up of a submanifold, but in general the fibers of a birational contraction can be very bad, so that new arguments are needed. If this problem has a positive solution, then the last theorem holds in any dimension.
The following notion of standard rational curves will play an important role in our considerations.
Definition
with all a i ≤ 1 (but a i might be negative). One of the special features of standard rational curves in the context of splitting tangent bundles is given by
Lemma
Here we started the abuse of notation to omit the normalisation f * .
Proof. Since all a i ≤ 1, we have H 1 (E * j |C) = 0, hence c 1 (E * j |C) = 0 by (0.4), i.e. L j · C = 0 for j < k. The rest is clear.
The following is an easy consequence of (1.2). Here we use the notion of an almost nef vector bundle in the sense of [DPS00]: E is almost ample if there exists a countable union B of proper subvarieties such that E|C is nef for every curve C not contained in B.
1.4 Proposition Let X be a projective manifold, ϕ : X−→Y the contraction of an extremal ray (or face). Suppose that ϕ has (ideal-theoretically) a non-trivial smooth fiber F or settheoretically a smooth fiber F with almost nef normal bundle. Then there exists a standard rational curve C ⊂ X with dim ϕ(C) = 0.
Proof. Since −K X is ϕ−ample, F is Fano. Take a standard rational curve C ⊂ F with T F |C nef. Consider the exact sequence
By our assumptions on F, the conormal bundle N * F |C is either spanned by global sections or almost nef, hence N * F/X |C is nef so that (*) splits and our claim follows (one can also argue with any extremal rational curve).
1.5 Corollary Let X be a smooth projective threefold and ϕ : X−→Y an extremal contraction. Then there exists a standard rational curve C contracted by ϕ.
Proof. The proof goes either by direct inspection of Mori's classification of threefold contractions [Mo82] or by applying (1.4) and by observing that the only case where ϕ does not have set-theoretically a smooth fiber with the required normal bundle (for applying (1.4)) is when ϕ contracts a quadric cone. In this last case we can just take C to be a line in the quadric cone.
1.6 Problem Let X be a projective manifold, ϕ : X−→Y an extremal contraction. Is there a standard rational curve contracted by ϕ?
(1.7) A possible approach to (1.6) is as follows. We need to find V ⊂ Hom(P 1 , X) generically unsplit (in the sense of Kollár [Ko96] ) such that the curves of the family (C t ) defined by V are contracted to points by ϕ and such that
Here the a i are just the positive (or non-negative) entries of f * t (T X ), where f t is the normalisation of C t and t is general. Moreover Locus(V ) denotes the subvariety filled up by the family (C t ).
Observe that if we take just some family satisfying (*), then by [Ko96,IV.2.4] we can pass to a generically unsplit family, but then possibly (*) is violated for this new family.
Notice that if F is smooth, this can be achieved just by taking a (generically) free family whose general member is standard ([Ko96,IV.2.9]). Now suppose that (*) holds. First we observe that dim Locus(V, 0, x) ≤ card{i|a i ≥ 1}.
( * * )
Here Locus(V, 0, x) denotes the set of f ∈ V with f (0) = x ∈ X. Moreover by [Ko96,IV.2.5]:
Then (**) and (***) yield dim V ≤ dim Locus(V ) + card{i|a i ≥ 1} + 1, hence (*) gives
This in turn implies say a 1 = 2 and a i ≤ 1 for i ≥ 2.
Proposition Let X be a projective manifold with
(3) Suppose some fiber of ϕ contains a standard rational curve (e.g. dim Y < dim X or ϕ has a smooth non-trivial fiber). Then all but one of the L i are ϕ−trivial, and the remaining one is ϕ−ample.
Proof.
(1) If dim F > r j , then, noticing that L j |F is either ample or its dual is ample, we obtain
This contradicts (0.4).
(2) This is clear:
(3) This is again clear by (1.3). . Now D is either P 2 , a smooth quadric or a quadric cone. In the first two cases we take l to be a line or a ruling line and immediately get a contradiction (there are lines through one point, having different tangent directions). In the quadric cone case we take l to be a line through the vertex and perform the same argument.
Corollary

Proposition Let X be a smooth projective threefold with a splitting
T X = L ⊕ V. Let ϕ : X−→Y be a birational contraction. Then Y is smooth, ϕ is the blow-up along a smooth curve; L ′ = ϕ * (L) and V ′ = ϕ * (V ) * * are locally free with L = ϕ * (L ′ ) such that T Y = L ′ ⊕ V ′ .
Moreover if the universal coverỸ of Y splits (diagonally with respect to
(1) By (1.9) we know that Y is smooth and that ϕ is the blow-up along the smooth curve ϕ(D). Let l be a non-trivial fiber of ϕ.
In particular V ′ is locally free. Now the splitting maps T X −→L and T X −→V yield maps T Y −→L ′ and T Y −→V ′ which give a splitting first on Y \ ϕ(D), hence everywhere.
(2) It remains to prove the assertion on the universal cover. First we do the diagonal case.
and, letting g :Ỹ −→Y be the projection, we moreover have
with projection f :X−→X, thenX is the universal cover of X and the induced map ϕ :X−→Ỹ is the blow-up of
. This gives clearly a decompositionX = A × B with A = A ′ and with
(3) Finally we have to do the case that the splittingỸ = A ′ × B ′ is not diagonal, i.e. V is not integrable. (to be done).
(1.11) As conclusion we have reduced the study of threefolds X with T X = L ⊕ V to the two following cases: (a) K X is nef; (b) X admits a contraction ϕ : X−→Y with dim Y < dim X; in particular X is uniruled.
Projective bundles, conic bundles and del Pezzo fibrations
We consider again a smooth projective threefold X with T X = L⊕V . We suppose moreover that there is a contraction ϕ : X−→Y with dim Y = 2 or dim Y = 1, i.e. we have a fiber space by conics or del Pezzo surfaces. We begin with the conic bundle case. We shall see that the contractions are all submersion, therefore we are lead to consider projective bundles. We shall start with these and will not need any dimension restriction here.
2.1 Definition A vector bundle E of rank r on the projective (or Kähler) manifold X is called numerically flat, if the Q−bundle E ⊗ det E * r is nef, which is the same as to say that
For details on numerically trivial vector bundles we refer to [DPS94] , in particular for a proof of 2.2 Proposition Let X be a projective or compact Kähler manifold. Let E be a numerically flat vector bundle on X. Then there exists a filtration where both F and G are unitary flat. Then by (a) h * (F ) and h * (G) are both trivial. Let ζ ∈ H 1 (X, F ⊗ G * ) be the extension class defining (*). Then we must show that h * (ζ) = 0. Since F ⊗ G * is unitary flat, this follows from the
(Notice however that H 1 (X, OX ) might not vanish).
Proof of the fact: V is given by a local system E. Hodge theory therefore yields an epimorphism
So we have an epimorphism
(c) Now we approach the general case in the proof of 2.3. We have an exact sequence
and by (b) and induction resp. our assumption, both h * (E i ) and h
the extension of the above exact sequence, we need to show that h * (ζ) = 0. This is done by considering the induced sequence
taking h * and proceeding inductively using 2.4
Before we can treat projective bundles, we need some preparations. The first one is classical and due to Ehresmann:
2.5 Proposition Let ϕ : X−→Y be a surjective fiber bundle of complex manifolds with typical fiber F such that
splits. This exhibits a vector bundle E ⊂ Ω 1 X which is mapped isomorphically onto Ω 1 X/Y . We say that the splitting is integrable or that E is integrable if
* is integrable in the usual sense, i.e. closed under the Lie bracket. In that case there is a representation ρ :
Moreover X is the fiber bundle over Y with fiber F given by (Ỹ × F )/π 1 (Y ). Finally the splittingX =Ỹ ×F is diagonal with respect to the above splitting.
2.6 Proposition Let C be an irreducible reduced compact curve and E a vector bundle of rank r + 1 on C. Let X = P(E) with projection p : X−→C. Suppose that the sequence
is numerically flat.
Proof.(a)
In case C is smooth, we notice that the splitting is automatically integrable so that (2.5) applies. Hence X is defined by a representation
i.e. E is projectively flat. Using the exact sequence
and tensoring E suitably, we find anétale cover f :Ĉ−→C of degree r such thatÊ = f * (E) is given by the lifted representation
HenceÊ is flat, in particular E is nef. Since also detE is flat,Ê and E are both numerically flat.
(b) Now suppose C singular and letĈ−→C be the normalisation. LetÊ = h * (E) and put X = P(Ê) with projectionp :X−→Ĉ. It is sufficient to show that 0−→p
splits; then by (a)Ê, hence E, is numerically flat after normalising to c 1 = 0. This splitting now is obtained by an easy diagram chase from the lifted splitting on X.
Now we are able to treat general P r −bundles.
2.7 Theorem Let X be a projective manifold with P r −bundle structure ϕ : X−→Y. 
Proof. (I) First we assume that
. In order to prove (3), it is sufficient to show that the Q−bundle V ′ is nef. So let C ⊂ X be an irreducible curve.
as one checks easily. So by (2.6), V ′ |C is numerically flat, in particular nef. So V ′ is nef. This proves (3). Now (r + 1)detV ′ is a well-defined flat line bundle. Therefore we find a finiteétale cover
is Cartier, or, in other words, the determinant of g * (V ) is divisible in Pic(Y ) by r + 1. So we may assume that det V itself is divisible by r + 1 in Pic(Y ). Then h * (V ′ ) = OX by (2.3), in particularX =Ỹ × P r . This proves (1).
Finally (2) follows from (2.5), independently whether X comes from a vector bundle or not.
(II) It remains to prove (1) in the general case. SinceỸ is simply connected, there exists a vector bundleṼ overỸ such thatX = P r (Ṽ ) (the obstruction lies in
Now consider the vector bundle
By 2.6 E|C is numerically flat for every curve C ⊂ Y. Hence E itself is numerically flat. By 2.3, h *
. Now we conclude by Lemma 2.7.1.
2.7.1 LemmaLet Y be a complex manifold and X a P r −bundle over Y with projection
Let f : X−→P N be the induced map. Then f is given by N + 1 sections in L whose images trivialise ϕ
On the other hand, f |ϕ −1 (y) is an embedding for all y ∈ Y, so dim f (X) = r and actually f (X) = P r . Now the fibers of f and ϕ meet transversally, so that the induced map X−→Y × P r is an isomorphism.
We return to our original aim to investigate contractions ϕ : X−→Y of a smooth projective threefold X with T X = L ⊕ V.
Theorem
Proof. Assume that ϕ is not a P 1 −bundle. Then the general singular fiber is a reducible conic
. Then (1.3) implies T C i = L|C i contradicting the fact that C 1 and C 2 meet tranversally. So ϕ is a P 1 −bundle (analytically). 
In other words, the tangent map
is an isomorphism. Then the splitting T X −→L yields a splitting map
By Beauville [Be99] , the universal coverỸ splits asỸ = A 1 × A 2 with projections p i :
. Then the local product structure ofX = X ×Ỹ Y (i.e. locally overỸ ) yields the integrability of V and therefore by (2.5)X splits diagonally with respect to T X = L ⊕ V. 2.9 Theorem Suppose dim Y = 1. Then ϕ is a P 2 −bundle, andX splits diagonally with respect to T X = L ⊕ V.
Proof. (a) First we show that ϕ is a P 2 − bundle. It is sufficient to know that the general fiber of ϕ is P 2 [Mo82] . If not, then F is P 1 × P 1 or some other del Pezzo surface, just called del Pezzo for simplicity. If F is del Pezzo, choose a (−1)−curve l ⊂ F. Then
It follows that the canonical map γ : T X/Y −→L vanishes, hence T X/Y ⊂ V. This however says that T X/Y = V , and since all fibers of ϕ are reduced ([Mo82]), ϕ must be a submersion. Now apply the Leray spectral sequence to obtain
contradicting the fact that ϕ is the contraction of an extremal ray, which implies that b 2 (X) = b 2 (Y ) + 1.
So F cannot be del Pezzo.
The case that F = P 1 × P 1 is ruled out in the same way by choosing l to be a ruling line in such a way that T l = L l .
(b) So ϕ is a P 2 −bundle. Applying once again (1.3) we see that L|l = O and V |l = O(2) ⊕ O(1) for every line l in a fiber of ϕ. Thus L = ϕ * (T Y ) and V = T X/Y so that we can apply (2.5) and conclude.
In total we have proved 2.10 Theorem Let X be a smooth projective threefold with κ(X) = −∞. Suppose T X = L ⊕ V. ThenX splits. The splitting is diagonal with respect to T X = L ⊕ V unless the following holds: X is the successive blow-up along smooth curves in a smooth projective threefold Y , the splitting
In order to get results in higher dimensions one would have to consider contractions ϕ : X−→Y of fiber type, assuming T X = E 1 ⊕ E 2 . One expects that one of the E i is ϕ−trivial. We come back to this situation in the next section when we consider Fano manifolds.
Fano Manifolds
In this section we fix a Fano manifold X of dimension n with a splitting T X = k i=1 E i . Arguing inductively and having in mind that Fano manifolds are simply connected, we may assume k = 2. Let r i = rkE i and put L i = detE i .
Proposition We have
Proof. Suppose b 2 (X) = 1 and write detE i = O X (m i ), where O X (1) is the ample generator of Pic(X) = Z. By (0.4) we have c 1 (E i ) t = 0 for t > r i , therefore m i = 0 for all i. On the other hand 0 < c 1 (X) = m i , contradiction.
Remark
The same proof shows that the tangent bundle of a projective manifold X with K X ample and ρ(X) = 1 cannot split. If K X ≡ 0, the last remaining case if ρ(X) = 1, Beauville's decomposition theorem applies and also easily yields a contradiction. Hence the tangent bundle of a projective manifold with ρ(X) = 1 never splits.
The significance of (1.6) in our context is given by 3.3 Theorem Let X be a Fano manifold with T X = E 1 ⊕ E 2 . Suppose that (1.6) has a positive solution (e.g. every contraction of X has a non-trivial smooth fiber). Then
Proof. Let ϕ : X → Y be some contraction defined by the ray R = R[l]. Then L i ·l = 0 for some i, say i = 1, by (1.3) and our assumption. Since −K X ·l > 0 and since
It follows that L i · l j ≥ 0 for all extremal curves l j and i = 1, 2. Hence L i are both nef by the cone theorem. Now by (0.4) we obtain
2 .
In particular L
Since by the base point free theorem both L i are semi-ample and therefore define morphisms ψ i : X−→Z i to normal projective varieties Z i . Both ψ are contractions of extremal faces. By (*) we have dim Z i = r i . We claim that ψ := ψ 1 × ψ 2 : X−→Z 1 × Z 2 is an isomorphism. Since L 1 · C = 0 implies L 2 · C > 0 for every extremal rational curve and vice versa, this actually holds for every curve C, hence ψ 2 |ψ −1 1 (z) is always finite and vice versa. Therefore ψ is finite onto its image. Since dim(Z 1 × Z 2 ) = r 1 + r 2 = n, ψ is surjective and finite. Let F be a general fiber of ψ 1 , then F is Fano. Let C ⊂ F be a smooth rational curve with T F |C ample; then T X |C is nef. Since L 1 |C = O C and since E 1 |C is nef as quotient of T X |C, it follows that
C . Therefore the composed map T F |C−→T X |C−→E 1 |C vanishes (remember T F |C ample) and hence, varying C, T F is a subbundle of E 2 |F. Since rkT F = rkE 2 , we conclude T F = E 2 |F.
Hence E 2 is generically integrable, hence integrable. All fiber of ϕ 1 are clearly leaves of E 2 . By symmetry, E 1 is integrable, too, and all fibers of ϕ 2 are leaves of E 1 . Thus ϕ 1 (x) and thus ψ is an isomorphism. The proof also shows that the splitting is diagonal.
We have used (1.6) only in order to make sure that the line bundles L i are ϕ−nef for all contractions ϕ, i.e. that the L i are nef. Therefore we can state Of course the nefness of the L i is also necessary for the splitting.
We next show that we have splitting (without assuming (1.6)) if the rank of say E 1 is small.
Theorem Let X be Fano with
Proof. By (3.4) we only need to show that L 1 and L 2 are nef. Suppose that one L i is not ϕ−nef for some contraction ϕ.
Hence we can apply (1.8)(3) and derive a contradiction.
Proof. We proceed as in (3.5) and assume that some L i is not ϕ−nef. So L 1 is not ϕ−trivial. Let F be a non-trivial fiber (with reduced structure). Then dim F ≤ 2 by (1.8). If F contains a component of dimension 1, we conclude again by [AW97,1.6]. Hence F is purely 2-dimensional. By [AW97,1.19], any irreducible component F 0 of F is either a P 2 or a Hirzebruch surface P(O ⊕ O(−k)), or a Hirzebruch surface (k ≥ 2) with the exceptional section blown down. In the first two cases we conclude by (1.8). The last requires some more work. LetF = P(O ⊕ O(−k))−→F 0 be the minimal desingularisation. Let C 0 ⊂F be the exceptional section,l ⊂F a ruling line and set l = σ(l). We claim that l is a standard rational curve; then we will be done again by (1.8).
We consider the exact sequence
Since N * F/X |l is generically spanned, we only have to investigate the inclusion V := (T F |l)/tor ⊂ T X |l. Observe that the epimorphism
yields a vector bundle epimorphism
is a subbundle of T X |l. So we obtain a vector bundle sequence 0−→V −→T X |l−→Cokerα−→0 with (Cokerα) * being nef. Hence things come down to prove
with a ≤ 1. In order to verify (*) we consider the analytic preimage σ −1 (l) =l + µ(k)C 0 . Then we have an epimorphism
Now we use the exact sequence
−→0,
is supported atl ∩ C 0 , which is just one point and since the stalk at that point has dimension 1, we conclude
Hence σ * (N * l/F /tor) = O(−1) by (*) and thus
we obtain an exact sequence
and thus V = O(2) ⊕ O(a) with a ≤ 1, proving (*) and therefore the theorem.
Corollary
3.8 Remark Notice that the proof of (3.6) provides a positive answer to the problem 1.6 in case ϕ is birational with some non-trivial fiber of dimension at most 2. So in dimension 4 it only remains to treat the case that ϕ contracts a divisor to a point.
The Case κ(X) = 3
In our study of threefolds X with splitting tangent bundles the previous sections reduce us to K X nef. If κ(X) = 0, then mK X = O X for a suitable positive m. Then by the decomposition theorem [Be83], we obtain the diagonal splitting ofX we are looking for. This holds in all dimensions. In this section we treat the case that κ(X) = dim X = 3, i.e. K X is big and nef in connection with our splitting T X = L ⊕ V. The remaining cases κ(X) = 1, 2 will be treated in the second part of this paper. By [Be99] (see 0.5) we may assume that K X is not ample (if K X is ample, then X is Kähler-Einstein), therefore we have a non-trivial morphism (with connected fibers) φ : X−→Y to the canonical model of X, given by the base point free linear system |mK X | for suitable large m. The threefold Y has only canonical singularities and the Q−divisor K Y is ample. We denote by B ⊂ Y the exceptional locus of φ in Y, this is nothing than the singularity set of Y. Furthermore let E = φ −1 (B).
Our aim is to prove 4.1 Theorem Let X be a smooth projective threefold K X big and nef such that T X = L⊕V ; let φ : X−→Y be the canonical model. So locally (in Y ) we have a product structure Y ≃ ∆ × W with a surface W having only rational double points so that (semi-locally) X ≃ C ×Ŵ withŴ −→W the minimal resolution. In particular B = C × SingW with a smooth curve C, i.e. B consists of a disconnected union of smooth curves. Our strategy will be to first establish this local product structure in Y ; in particular this shows that Y is an orbifold, i.e. Y is locally of the form C 3 /G. Then we will use the theory of orbifolds to conclude.
We start with an easy lemma which we will use frequently. Proof. We follow the arguments of Laufer [La81] . Let I denote the ideal of C ⊂ X. Since Y is Stein, our vanishing assumption immediately gives
Lemma
Moreover an easy Leray spectral sequence argument yields
(here we use the assumption that there are no 2-dimensional fibers). Thus the exact sequence
Let F denote the reduced fiber f −1 (y). Then the vanishing R 1 φ * (O X ) = 0 implies (via the theorem on formal functions and the vanishing H 2 (F, I µ /I µ+1 ) for all µ ≥ 1) that H 1 (F, O F ) = 0 (having still in mind dim F = 1.) Hence H 1 (C, O C ) = 0 and C ≃ P 1 . Since K X |C = 0 by our assumption on K X , we have a + b = −2. Now (*) implies the claim on the normal bundle.
4.3 Proposition L and V are integrable.
Therefore by [Su90, 7 .1] every x ∈ X \ E has a neighborhood U of the form
Hence L and V are generically integrable, hence everywhere integrable (the integrability of L is anyway clear by reasons of rank).
Corollary Every point
We now establish the local product structure in Y. Proof. (4.5.1) In a first step we show that φ does not contract divisors to points. So assume to the contrary the existence of an irreducible divisor E 0 ⊂ E such that dim φ(E 0 ) = 0. First we claim that the canonical map
Proposition
vanishes. In order to verify this claim, notice that
for suitable large k (E is contained in a fiber!). It follows easily that any desingularisation of E 0 has negative Kodaira dimension; just observe that sections in (N * E ) k 0 must have zeroes. Now we choose a covering family (l t ) of (generically irreducible) rational curves in E 0 . Then E 0 · L t ≤ 0. If E 0 · l t = 0, we see easily that -denoting f the normalisation of l t -f * (T X ) is nef, hence the deformations of l t cover X which is absurd. Hence
Next notice L · l t ≥ 0. In fact, if L · l t < 0, then for the normalisation f t : P 1 −→l t we obtain
This means that at least generically L E 0 defines a foliation on E 0 . Now we apply (4.4) taking over all notations. It follows thatŨ = E 0 ∩ U has a projectioñ U −→C to a possibly non-normal curve C ⊂ U 2 , and moreover -possibly after shrinking -
where W * is the image of
. Locally of course, W * = Ω 1 C . Now we study the normalisation h :Ẽ−→E 0 of E 0 . ThenẼ is smooth since locallỹ E = U 1 ×C, whereC is the normalisation of C. If we introduceL = h * (L E 0 ), thenL is an integrable subbundle of TẼ . This is clear from the local description of E. Let Q denote the quotient bundle. Then generically Q is a subbundle of TẼ. Since every point x ∈Ẽ has a neighborhood of the form U 1 ×C (shrinkingC, of course), such that T U 1 =L, we conclude that TC = Q and therefore Q is a subbundle of TẼ everywhere, hence
Since κ(Ẽ) = −∞, we thus have a P 1 −bundle structurep :Ẽ−→B over a smooth curveB and either L = TB, Q = TẼ /B or vice versa [Be99] . Moreover we can writeẼ = P(E) with a numerically flat rank 2 bundle E onB (2.6). Let C 0 ⊂Ẽ be a section with C 2 0 minimal. Since E is flat, we have C and
we obtain W * = K E 0 /B in case L = TB and W * = p * KB in case Q = TB. In both cases we clearly have H 2 (E 0 , det V * ) = 0 and since
we conclude c 2 (V |E 0 ) = 0. On the other hand, c 2 (V |E 0 ) can be computed by the above exact sequence and we easily obtain g(B) = 1.
(B) Now we treat the caseL = TB. Write
Since K E 0 = N E 0 and since E · F < 0 for F = h(F ), we have a < 0. LetÑ ⊂Ẽ be the preimage of the non-normal locus of E. Writẽ
Then c ≥ 0 and eitherÑ = ∅ or c ≥ 2 (this is immediate by considering the subadjunction formula of a Gorenstein curve). Since KẼ ≡ −2C 0 + (2g − 2)F , where g = g(B), the subadjunction formula
yields c ≤ 1, hence c = 0 and E is normal, hence smooth. SoẼ = E 0 with a map p : E 0 −→B to the elliptic curveB (by (A)). Now we contract X along p : E 0 −→B and obtain a birational morphism ψ : X−→X ′ with ψ(E 0 ) =B. Note that X ′ has canonical singularities, that K X ′ is big and nef and that there is a birational map τ :
for q ≥ 1. We claim that,B being elliptic,B cannot be an irreducible component of the fiber
In fact, suppose the contrary. Let F 0 be the closure of
LetÎ be the ideal sheaf ofB ⊂F andÎ 0 that one of(B ∩ F 0 ) ⊂F 0 . Then we immediately see that
The last group vanishes because R 2 τ * (O X ′ ) = 0. Via the sequence
and via the obvious epimorphism
we obtain H 1 (F , OF ) = 0, contradicting (+).
Thus we obtain an irreducible divisor E ′′ ⊂ F ′ containingB. Let E ′ ⊂ X be the strict transform in X. Consider an irreducible curve C ⊂ E 0 ∩E ′ . Since we also have L|E ′ ⊂ T E ′ , the L−leaf through any x ∈ C is contained in E 0 ∩ E ′ . Therefore C must be a leaf of L and E 0 ∩ E ′ has to consist of disjoint sections of E 0 −→B. Moreover E ′ has the same structure as E 0 and we have a map p ′ : E ′ −→B with the C i also being section of p ′ . We consider the map q : E 0 ∪ E ′ −→B.
It is easily verified that we can blow down X along q to obtain a new birational map ψ ′ : X−→X ′′ . E.g. blow down X ′ along E ′′ −→B and compose with φ. Arguing with ψ ′ as with ψ we deduce the existence of a third divisor in φ −1 (y). This procedure must terminate, so that finally we find birational maps λ : X−→Z, σ : Z−→Y with σ • λ = φ such that σ −1 (y) contains an elliptic curve as irreducible component, which is a contradiction as before with τ . This settles the caseL = TB.
(C) Now suppose Q = TB. Herep :Ẽ−→B descends to a P 1 −bundle p : E 0 −→B 0 with B−→B 0 the normalisation andẼ = E × B 0B .
Let ψ : X−→X ′ be the contraction along p. Arguing as in (B) either B 0 ≃ P 1 or there exists a divisor E ′ ⊂ φ −y (where y = φ(E 0 )) with B 0 = ψ(E 0 ) ⊂ ψ(E ′ ). Then E 0 ∩ E ′ contains some multi-section C of p. Take x ∈ C and consider F x = p −1 (x). Then F x is the L−leaf through x. Again by L|E ′ ⊂ T E ′ , we must have F x ⊂ E ′ . This is absurd for general x, hence B 0 = P 1 . In particular E is smooth and we conclude by (A).
(4.5.2) Now we know that all non-trivial fibers of φ are 1-dimensional. By (4.2), all components C of these fibers are smooth rational curves. Moreover
with (a, b) = (−1, −1), (0, −2), (1, −3). From (1.3), it follows that
The case L C = O C (2), however, is ruled out again by 1.3. Thus L C = O C (so a = 0 and b = −2) and T C ⊂ V C , hence C is contained in a leaf V 0 of V. Now apply (4.4): every x ∈ C has an open neighborhood U (x) = U 1 (x) × U 2 (x) with T U 1 = L and T U 2 = V. By conpactness of C we obtain x 1 , . . . , x r such that C ⊂ i U (x i ) =: U.
Let U 2 := i U 2 (x i ); then U is an open neighborhood of C ⊂ V 0 . We obtain a projection π : U −→U 2 by setting π(x) := L x ∩ V 0 , where L x is the L−leaf containing x ∈ U. The fibers of π are open parts of L−leaves. Fixing a point x 0 ∈ C, we clearly may assume that every leaf V with V ∩ U = ∅ meets L x 0 . Hence we find an open neighborhood W of x 0 in L x 0 and a holomorphic map τ : U −→W by setting τ (x) = V x ∩ L x 0 , V x denoting the V −leaf through x 0 . After a coordinate change, τ −1 (0) = V 0 ∩ U and W = ∆ ǫ = {z ∈ C| |z| < ǫ}. Since the fibers of τ and π meet only tranversally (the leaves L x and V y meet only transversally), the map τ × π : U −→∆ ǫ ×Ũ is biholomorphic. Therefore C obviously deforms to the leaves τ −1 (t). Hence E cannot contain any 1-dimensional irreducible component, so φ contracts only divisors to curves. If E 0 ⊂ E is an irreducible component, then we deduce that E 0 −→φ(E 0 ) is a P 1 −bundle and every fiber is a (−2)−curve some leaf V. To get the complete picture, consider the whole fiber φ −1 (y) for y ∈ B. Write φ −1 (y) = C 1 + . . . + C r .
Then all arguments made above for a single C also apply to C 1 +. . .+C r as well. Identifying U withŨ × ∆ ǫ , it follows that φ|U = ψ × id, where ψ is the blow-down of C 1 + . . . + C r in the leaf V 0 . This completes the proof of (4.5). 
